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ON TORIC GEOMETRY AND K-STABILITY
OF FANO VARIETIES
ANNE-SOPHIE KALOGHIROS AND ANDREA PETRACCI
Abstract. We present some applications of the deformation theory of toric
Fano varieties to K-(semi/poly)stability of Fano varieties. First, we present
two examples of K-polystable toric Fano 3-fold with obstructed deformations.
In one case, the K-moduli spaces and stacks are reducible near the closed point
associated to the toric Fano 3-fold, while in the other they are non-reduced
near the closed point associated to the toric Fano 3-fold. Second, we use open-
ness of K-semistability to show that the general members of two deformation
families of smooth Fano 3-folds are K-semistable by building degenerations to
K-polystable toric Fano 3-folds.
1. Introduction
In this paper, we present some applications of the deformation theory of toric
Fano varieties to K-(semi/poly)stability of Fano varieties. Working with toric va-
rieties enables us to run many computations explicitly, and to analyse the local
structure of some K-moduli spaces and stacks of 3-dimensional Fano varieties.
In the first part of the paper, we study two examples of K-polystable toric Fano
3-folds with obstructed deformations. These define non-smooth points of both
the K-moduli stack of K-semistable Fano 3-folds and of the K-moduli space of K-
polystable Fano 3-folds. In one case, the K-moduli stack has 4 branches and the
K-moduli space has 3 branches. In the other case, the K-moduli space is a fat point.
These are, to the best of our knowledge, the first examples of such behaviour.
Second, we establish the K-semistability of the general member of two families
of smooth Fano 3-folds by showing that they arise as smoothings of K-polystable
toric Fano 3-folds explicitly. In one of these cases, K-semistability was not known,
while in the other, our argument provides an alternative proof.
We now state the main results of the paper and present its organisation.
1.1. Non-smooth K-moduli. An immediate consequence of Kodaira–Nakano van-
ishing is that deformations of smooth Fano varieties are unobstructed. It follows
that moduli stacks of smooth Fano varieties are smooth. It is also known that
Q-Gorenstein deformations (i.e. those satisfying Kolla´r’s condition) of del Pezzo
surfaces with cyclic quotient singularities are unobstructed [2, Lemma 6]. As in
the smooth case, this implies that moduli of del Pezzo surfaces with cyclic quotient
singularities are smooth [45].
In dimension 3, there are examples of Fano varieties with obstructed deforma-
tions and isolated (canonical) singularities [30, 47, 48]. Note however that Fano
3-folds with terminal singularities have unobstructed deformations [43,54].
In light of recent developments in the moduli theory of Fano varieties, it is natural
to ask whether deformations of K-semistable or of K-polystable Fano 3-folds are
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obstructed. For example, [37] have shown that the K-moduli stack of K-semistable
cubic 3-folds coincides with the GIT stack, and is therefore smooth.
We show that the naive hope that deformations of K-polystable Fano 3-folds
would be unobstructed is not validated.
In what follows, for n ≥ 1 and V ∈ Q, MKssn,V denotes the moduli stack of Q-
Gorenstein families of K-semistable Fano varieties of dimension n with anticanonical
degree V and MKpsn,V denotes its good moduli space (see §2.2).
Theorem 1.1. There exists a K-polystable toric Fano 3-fold X with Gorenstein
canonical singularities and anticanonical volume 12 such that:
(1) the stack MKss3,12 and the algebraic space MKps3,12 are not smooth at the point
corresponding to X;
(2) for every n ≥ 4, if V = 2n(n− 1)(n− 2)n−2 then the stack MKssn,V and the
algebraic space MKpsn,V are not smooth at the point corresponding to X×Pn−3.
The local structure of MKss3,12 and of MKps3,12 near [X] are studied in detail in §3.4
(see Theorem 3.13); we show that the base of the miniversal deformation (Kuranishi
family) of X has 4 irreducible components, and:
• one component parametrises deformations of X to a smooth Fano 3-fold in
the deformation family MM2−6 (Picard rank 2, degree 12 and h1,2 = 9);
• one component parametrises deformations of X to a smooth Fano 3-fold in
the deformation family MM3−1 (Picard rank 3, degree 12);
• the remaining two components parametrise deformations of X to smooth
Fano 3-folds in the deformation family V12 (Picard rank 1, degree 12).
This implies thatMKss3,12 has 4 branches at [X]. Two of these branches are identified
when passing to the good moduli space, hence MKps3,12 has 3 branches at [X].
A second example of a K-polystable toric Fano 3-fold with canonical singularities
and obstructed deformations gives:
Theorem 1.2. There is a connected component of the K-moduli space MKps3,44/3
isomorphic to Spec
(
C[t]/(t2)
)
.
In general, this shows that K-moduli stacks and spaces can be both reducible
and non-reduced.
1.2. K-semistability of smooth Fano 3-folds by degenerations to toric va-
rieties. Recent works have shown that K-semistability is an open property [12] (see
§2.2). In particular, if a smooth Fano 3-fold is a general fibre in a Q-Gorenstein
smoothing of a K-polystable Q-Gorenstein toric Fano 3-fold, then it is automati-
cally K-semistable. In §5, we construct smoothings of two toric Fano 3-folds and
conclude:
Theorem 1.3. The general members of the deformation families of MM2−10 (Pi-
card rank 2, degree 16, h1,2 = 3) and of MM4−3 (Picard rank 4, degree 28 and
h1,2 = 1) are K-semistable.
Remark 1.4. The general member of the deformation family MM2−10 is known to
be K-semistable by [9, Example 3.1.6], where an example of K-semistable MM2−10
with symmetries is constructed. The K-semistability of a general member of family
MM4−3 was not previously known.
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1.3. Notation and conventions. All varieties, schemes and stacks considered in
this paper are defined over C. A normal projective variety is Fano if its anticanon-
ical divisor is Q-Cartier and ample. A del Pezzo surface is a 2-dimensional Fano
variety. We only consider normal toric varieties.
The symbol Vk denotes the deformation family of smooth Fano 3-folds of Picard
rank 1, Fano index 1 and degree k. The symbol MMρ−k denotes the kth entry
in the Mori–Mukai list [41, 42] of smooth Fano 3-folds of Picard rank ρ, with the
exception of the case ρ = 4, where we place the 13th entry in Mori and Mukai’s
rank-4 list in between the first and the second elements of that list. This reordering
ensures that, for each ρ, the sequence MMρ−1, MMρ−2, MMρ−3, ... is in order of
increasing degree.
If Z is a normal scheme of finite type over C, then Ω1Z denotes the sheaf of
Ka¨hler differentials of Z over C. For i ∈ {0, 1, 2}, we write TiZ for the C-vector
space Exti(Ω1Z ,OZ), and T iZ for the coherent OZ-module Exti(Ω1Z ,OZ). The Q-
Gorenstein versions of these are described in §2.1.
If M is a topological space and i ≥ 0 is an integer, then Hi(M,Q) denotes the ith
singular cohomology group of M with coefficients in Q and bi(M) denotes the ith
Betti number of M , i.e. the dimension of Hi(M,Q). The topological Euler–Poincare´
characteristic of a topological space M is denoted by χ(M).
If Z is a scheme of finite type over C, when considering topological properties
we always consider the analytic topology on the set of the C-points of Z.
Acknowledgements. AP wishes to thank Alessio Corti and Paul Hacking for
many conversations during the preparation of [20], which have been very helpful
for this paper; he is grateful to Hendrik Su¨ß for asking him how deformations of toric
Fanos are related to K-stability and to Taro Sano for pointing [16] to him. ASK
wishes to thank Ivan Cheltsov and Kento Fujita for several useful conversations on
K-stability of 3-folds.
2. Preliminaries
In this section, we collect some results that will be used throughout the paper.
2.1. Q-Gorenstein deformations. An important insight, originally due to Kolla´r
and Shepherd-Barron [35], is that one should only consider Q-Gorenstein deforma-
tions when studying the moduli theory of higher dimensional singular varieties.
Roughly speaking, Q-Gorenstein families are flat families for which the canonical
classes of fibres fit together well. More formally, if X is Q-Gorenstein, then a Q-
Gorenstein deformation is one that is induced by a deformation of the canonical
cover stack of X (see [1, 11]). The canonical cover X is a Deligne–Mumford stack
with coarse moduli space X and such that X → X is an isomorphism over the
Gorenstein locus of X. If X is Gorenstein, then X ' X and any deformation is a
Q-Gorenstein deformation. We denote by TqG,iX (resp. T
qG,i
X ) the ith Ext group
(resp. the pushforward to X of the Ext sheaf) of the cotangent complex of X. There
is a spectral sequence
Ep,q2 = H
p(X,T qG,qX ) =⇒ TqG,p+qX .
As usual, TqG,1X is the tangent space and T
qG,2
X is an obstruction space for the
Q-Gorenstein deformation functor DefqGX of X.
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2.2. K-stability of Fano varieties. The notion of K-stability was introduced by
Tian [55] in an attempt to characterise the existence of Ka¨hler–Einstein metrics
on Fano manifolds; it was later reformulated in purely algebraic terms in [25]. We
will not define the notions of K-semistability, K-polystability or K-stability here;
we refer the reader to the survey [57] and to the references therein. The notion
of K-stability has received significant interest from algebraic geometers in recent
years, as it has become clear that it provides the right framework to construct well
behaved moduli stacks and spaces for Fano varieties [5, 12,36,45].
Many proofs of K-semistability of Fano varieties rely on the following:
Theorem 2.1 ([12]). If X → B is a Q-Gorenstein family of Fano varieties, then
the locus where the fiber is a K-semistable variety is an open set.
In particular if a K-polystableQ-Gorenstein toric Fano 3-fold admits a smoothing
to a Fano 3-fold in a given deformation family, then the general member of that
deformation family is K-semistable.
For every integer n ≥ 1 and every rational number V > 0, let MKssn,V denote the
category fibred in groupoids over the category of C-schemes defined as follows: for
every C-scheme B, MKssn,V (B) is the groupoid of Q-Gorenstein flat proper finitely
presented families with base B of K-semistable klt Fano varieties of dimension n
and anticanonical volume V .
Theorem 2.2 ([5, 12, 13, 31, 58]). MKssn,V is an Artin stack of finite type over C
and admits a good moduli space MKpsn,V , which is a separated algebraic space of fi-
nite type over C. Moreover, MKpsn,V (C) is the set of K-polystable Fano n-folds with
anticanonical volume V .
The notion of good moduli space is defined in [4]. The stack MKssn,V is called the
K-moduli stack, and the algebraic space MKpsn,V is called the K-moduli space.
Now we describe explicitly the local structure of K-moduli. Let X be a K-
polystable Fano variety of dimension n and anticanonical degree V . Let A be the
local noetherian C-algebra with residue field C which is the hull of the functor of
Q-Gorenstein deformations of X, i.e. the formal spectrum of A is the base of the
miniversal Q-Gorenstein deformation of X. Let G be the automorphism group of
X; then G is reductive by [5]. The group G acts on A and the Luna e´tale slice
theorem for algebraic stacks [6] gives in this case a cartesian square
[SpecA / G]

//MKssn,V

SpecAG // MKpsn,V
where the horizontal arrows are formally e´tale and map the closed point into the
point corresponding to X.
2.3. Topology of smoothings. We recall the formalism of vanishing and nearby
cycles and show how they relate the topology of the central fibre to that of a
smoothing.
Let Z be a complex analytic space and f : Z → ∆ a projective morphism to a
complex disc. Denote by Z the central fibre f−1(0) and set Zt = f−1(t) for t 6= 0.
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There is a diagram of spaces and maps:
Z 
 i //

Z
f

TZ r Z

? _
joo ˜TZ r Z
poo

{0}   i0 // ∆ ∆∗e? _
j0oo ∆˜∗e
p0oo
where ∆e = {z ∈ C : |z| < e} is chosen so that f restricts to a topologically trivial
fibration f−1(∆∗e) → ∆∗e, where ∆∗e = ∆e r {0}. Let TZ = f−1∆e be the tube
about the fibre Z, p0 : ∆˜∗e → ∆∗e the universal covering map, and let p be the map
making the right hand square of the diagram Cartesian. The nearby cycle complex
of f with Q-coefficients is:
ψfQ•Z = i
∗
(
R(j ◦ p)∗ ◦ (j ◦ p)∗
)
Q•
Z
,
where Q•
Z
denotes the constant sheaf treated as a complex in degree 0.
As f is projective, for any t ∈ ∆∗e, there is a specialization map
sp: Zt
it
↪→ f−1(∆e) ' Z
and the vanishing cycle complex is
ψfQ•Z ' R sp∗
(
Q•
Zt
)
.
For any x ∈ Z, there is a natural isomorphism Hk(ψfQ•Z )x ' Hk(Fx,Q), where
Fx is the Milnor fibre of the function f at x [24, Prop. 4.2.2]. Further, as f is
projective, the hypercohomology of ψfQ•Z is, for all k ∈ Z:
Hk(Z,ψfQ•Z ) ' Hk(Zt,Q).
The vanishing cycles complex of f with Q-coefficients is obtained by considering
the distinguished triangle
(1) i∗Q•
Z
→ ψfQ•Z → ϕfQ•Z
[1]→
associated to the cone of the specialisation map i∗Q•
Z
→ ψfQ•Z . By definition, for
all x ∈ Z
Hk(ϕfQ•Z )x ' H˜k(Fx,Q).
The long exact sequence of hypercohomology associated to (1) is:
(2) · · · → Hk(Z,Q)→ Hk(Zt,Q)→ Hk(Z,ϕfQ•Z )→ · · ·
and since the fibres of f are compact, we have:
(3) χ(Zt) = χ(Z) + χ(H•(Z,ϕfQ•Z )).
2.4. Toric varieties. Toric varieties are a useful source of examples because they
have an explicit combinatorial description; a comprehensive reference is [22]. Here,
we recall some of the terms and notions we will use. Given a lattice N and a fan Σ
in N , one constructs the toric variety XΣ, a normal variety endowed with an action
of the torus TN = N ⊗Z C∗ = SpecC[M ], where M is the dual lattice HomZ(N,Z).
The dimension of XΣ is the rank of N , and there is a 1-to-1 correspondence between
i-dimensional cones of Σ and (n − i)-dimensional torus orbits in XΣ, where n =
dimXΣ.
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Many geometric properties of XΣ can be read off from the fan Σ; for instance
XΣ is complete if and only if Σ covers all N . The next Lemma shows how to read
the Betti numbers of a complete toric 3-fold XΣ off the fan Σ.
Proposition 2.3 (Jordan [32]). Let Σ be a complete fan in a 3-dimensional lattice
N and let X be the associated toric 3-fold. For every i = 1, 2, 3, let di be the number
of i-dimensional cones in Σ. Then:
d1 − d2 + d3 = 2
b0(X) = b6(X) = 1,
b1(X) = b5(X) = 0,
b2(X) = rank Pic(X),
b3(X) = rank Pic(X)− d2 + 2d1 − 3,
b4(X) = d1 − 3,
χ(X) = d3.
Sketch of proof. The positive dimensional cones of Σ induce a polyhedral com-
plex with support
⋃
σ∈Σ(3) conv {ρ | ρ ∈ σ(1)}, which is homeomorphic to the 2-
dimensional sphere. This implies the first equality.
The equality b2(X) = rank Pic(X) follows from the fact that the first Chern class
is an isomorphism from Pic(X) = H1(X,O∗X) to H2(X,Z) [22, Theorem 12.3.2].
All other equalities come from the study of singular cohomology of toric varieties
[22, §12.3]; see [32, Proposition 3.5.3]. 
We briefly recall the construction of polarised projective toric varieties [22, Chap-
ters 4 and 6] (see also [46, Lemma 2.3]). Let N be a lattice, M its dual, and denote
by 〈·, ·〉 : M × N → Z the duality pairing. Let Q be a full dimensional rational
polytope in MR := M ⊗Z R. The normal fan of Q is the fan in N whose maximal
cones are
{x ∈ NR | ∀q ∈ Q, 〈q − v, x〉 ≥ 0}
where v is a vertex of Q. Denote by P(Q) the toric variety associated to the normal
fan of Q; P(Q) is projective. There is a 1-to-1 correspondence between i-dimensional
faces of Q and i-dimensional torus orbits of P(Q).
One may construct an ample Q-Cartier Q-divisor DQ ⊂ P(Q) supported on the
torus-invariant prime divisors, with the property that for every integer r ≥ 0, there
is a canonical bijection between the lattice points of rQ (the factor r dilation of Q)
and the monomial basis of H0(P(Q), rDQ). Therefore
P(Q) = ProjC[cone {Q× {1}} ∩ (M ⊕ Z)]
where the N-grading is given by the projection M⊕Z Z. In symplectic geometry
Q is the moment polytope of the polarisation of P(Q) induced by DQ. The divisor
DQ is Cartier precisely when the vertices of Q are lattice points.
Now we present the combinatorial avatars of toric Fano varieties; more details
on these notions can be found in [22, §8.3] and [34].
If Σ is a fan in N , then we denote by Σ(1) the set of the primitive generators
of the rays (i.e. 1-dimensional cones) of Σ. If Σ is a fan in N , then XΣ is Fano if
and only if Σ(1) is the set of vertices of a polytope in N . If this is the case and
this polytope is denoted by P , then we say that Σ is the face fan (or spanning fan)
of P . Such a polytope is a Fano polytope, i.e. P ⊂ NR is a full dimensional lattice
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polytope, the origin lies in the interior of P and every vertex of P is a primitive
lattice vector. In fact, there is a 1-to-1 correspondence between Fano polytopes and
toric Fano varieties.
If P ⊂ NR is a Fano polytope in the lattice N , its polar is the rational polytope
P ◦ := {m ∈MR | ∀p ∈ P, 〈m, p〉 ≥ −1} ⊂MR.
The normal fan of P ◦ is the face fan of P and the divisor DP◦ associated to P ◦
is the toric boundary, i.e. the sum of the torus invariant prime divisors, and is an
anticanonical divisor.
The polytope P is called reflexive if the vertices of P ◦ are lattice points. We
see that the toric Fano variety associated to the face fan of the Fano polytope P is
Gorenstein if and only if P is reflexive.
The K-polystability of Gorenstein toric Fano varieties is easy to check combina-
torially.
Theorem 2.4 ([10, Corollary 1.2]). Let P be a reflexive Fano polytope and let X
be the toric Fano variety associated to the face fan of P . Then X is K-polystable if
and only if 0 is the barycentre of the polar polytope P ◦.
Remark 2.5. Note that the same criterion holds without the reflexive assumption.
This can be shown by taking the polarisation given by the multiple −rK for r the
Gorenstein index instead of −K.
Lastly, as we are interested in K-moduli and hence in automorphism groups, we
mention a result determining the automorphism group of a toric Fano variety:
Proposition 2.6. Let P ⊂ N be a Fano polytope and Aut(P ) the finite subgroup
of GL(N) consisting of the automorphisms of P . Let X be the toric Fano variety
associated to the face fan of P .
If no facet of the polar of P has interior lattice points, then Aut(X) is the
semidirect product of the torus TN = N ⊗Z C∗ with Aut(P ).
The semidirect product structure is given by the embedding Aut(P ) ↪→ GL(N).
Proof. Let Σ be the face fan of P . A Demazure root of Σ is an element m ∈ M if
there exists v ∈ Σ(1) such that
• 〈m, v〉 = −1,
• ∀v′ ∈ Σ(1)r {v}, 〈m, v′〉 ≥ 0.
LetR denote the set of Demazure roots of Σ; thenR controls the difference between
the torus TN and the connected component of the identity in the automorphism
group Aut(X) of X [15, 21] (see also [44, §3]).
Our assumption on P ◦ forces R = ∅, hence Aut(X) is the semidirect product
of the torus TN = N ⊗Z C∗ with the automorphism group of the fan Σ, which in
our case coincides with Aut(P ). 
3. An obstructed K-polystable toric Fano 3-fold
In this section, we construct a K-polystable toric Fano 3-fold X with Gorenstein
canonical singularities that admits 3 different smoothings. More precisely, we show:
Theorem 3.1. Let X be the toric variety associated to the normal fan of the
polytope Q defined in §3.1. Then:
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(i) X is a Gorenstein canonical Fano 3-fold of degree (−KX)3 = 12;
(ii) X is K-polystable;
(iii) the miniversal deformation base space of X is
C[[t1, . . . , t24]]/(t1t2, t1t3, t4t5, t4t6),
in particular, it has 4 irreducible components;
(iv) X admits smoothings to 3 distinct Fano 3-folds of degree 12; more precisely:
(a) on the 22-dimensional component (t1 = t4 = 0), X deforms to a Picard
rank 2 Fano in the family MM2−6, i.e. to a (2, 2)-divisor on P2 × P2,
or to a double cover of a (1, 1)-divisor on P2 × P2 branched along an
anticanonical section.
(b) on each of the 21-dimensional components (t1 = t5 = t6 = 0) and
(t2 = t3 = t4 = 0), X deforms to a prime Fano 3-fold of genus 7
V12 ⊂ P8.
(c) on the 20-dimensional component (t2 = t3 = t5 = t6 = 0) X deforms
to a Picard rank 3 Fano in the family MM3−1, i.e. to a double cover
of P1 × P1 × P1 branched over an anticanonical surface.
Remark 3.2. Using the Macaulay2 package [27], Christophersen and Ilten [16]
compute the local structure of the Hilbert scheme of the toric 3-fold X embedded
in P8 and they show that the point corresponding to X lies at the intersection of
the loci of 3 different families of smooth Fano 3-folds embedded in P8.
We proceed by entirely different methods: we analyse the miniversal deformation
base space via properties of toric Fano varieties and Altmann’s work [8], and we
identify the smoothings of X via a topological analysis of vanishing cycles.
Remark 3.3. Since X is K-polystable, Theorem 2.1 implies that the general mem-
bers of the 3 deformation families of smooth Fano 3-folds V12, MM2−6 and MM3−1
are K-semistable.
This was already known: the general member of the deformation family MM2−6
if K-semistable by Theorem 2.1 and [23], and every member of the family MM3−1
is K-semistable by [23]. A general member of the deformation family of V12 is K-
semistable [9]. Indeed, [53] constructs a Fano 3-fold Y in the deformation family
V12 whose automorphism group contains a subgroup G isomorphic to the simple
group SL2(F8). The Fano 3-fold Y is K-semistable because the G-equivariant α-
invariant is greater or equal to 1 [9], and by Theorem 2.1, the general element of
the deformation family of V12 is K-semistable.
Remark 3.4. Theorem 3.1 is consistent with the predictions of the Fanosearch
program [3,17,18,48,51]. For all p, q ∈ Z define Laurent polynomials by
fp,q =
(
x+ xy−1 + y + x−1 + x−1y + y−1
) (
z + 2 + z−1
)
+ pz + qz−1.
Then, the 4 irreducible components of the miniversal deformation base space of X
are expected to correspond to the Laurent polynomials f2,2 (mirror to MM2−6),
f2,3 and f3,2 (both mirror to V12) and f3,3 (mirror to MM3−1).
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Figure 1. The polytopes Q (left) and P (right)
3.1. Definition and first properties of X. Let Q be the convex hull of
x1 = (1, 0, 0) x4 = (−1, 0, 0)
x2 = (1, 1, 0) x5 = (−1,−1, 0)(4)
x3 = (0, 1, 0) x6 = (0,−1, 0)
y1 = (0, 0, 1) y2 = (−1, 0, 0)
in M = Z3. These 8 points are precisely the vertices of Q. The lattice points of Q
are its vertices and the origin y0 = (0, 0, 0). The polytope Q is the union of two
hexagonal pyramids glued along their hexagonal facets (see Figure 1).
Let P be the polytope in the lattice N = Hom(M,Z) with vertices: 10
±1
 ,
 01
±1
 ,
−11
±1
 ,
−10
±1
 ,
 0−1
±1
 ,
 1−1
±1

The polytope P is a hexagonal prism (see Figure 1). One sees that Q is the polar
of P , so P is reflexive (its reflexive ID in [14] is 3875).
The toric variety X associated to the normal fan of Q (face fan of P ) is an anti-
canonical degree 12 Fano 3-fold with Gorenstein canonical singularities [33]. Since
the barycentre of Q is the origin, X is K-polystable by Theorem 2.4. Assertions (i)
and (ii) in Theorem 3.1 are proved.
Explicit description of the embedding X ⊂ P8. By the construction recalled
in §2.4, as Q is the moment polytope of −KX , the anticanonical ring satisfies
R(X,−KX) ' C[cone {Q× {1}} ∩ (M ⊕ Z)],
where the semigroup algebra is N-graded by the projection M ⊕ Z → Z, and we
check that R(X,−KX) is generated in degree 1. The anticanonical map Φ|−KX |
is a closed embedding into P8, whose image is defined by the quadratic binomial
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equations:
rank
y0 x1 x2x4 y0 x3
x5 x6 y0
 ≤ 1 and y20 − y1y2 = 0.
Singular locus of X. Consider the open subschemes of X defined by:
Yj = X ∩ {yj 6= 0} for j = 1, 2,
Ui = X ∩ {xi 6= 0} for i ∈ Z/6Z,
Ui,i+1 = Ui ∩ Ui+1 for i ∈ Z/6Z.
In other words, Yj for j = 1, 2 are the affine charts associated to the cones over the
two hexagonal facets of P , Ui for i = 1, . . . , 6 are the charts associated to the cones
over the rectangular facets of P , and Ui,i+1 are the charts associated to the cones
over the lattice length 2 edges of P . These charts cover X:
X = Y1 ∪ Y2 ∪ U1 ∪ U2 ∪ U3 ∪ U4 ∪ U5 ∪ U6.
Let pi ∈ Ui for i = 1, · · · , 6, and qj ∈ Yj for j = 1, 2 be the torus fixed points, and
denote by U the open non-affine subscheme of X defined by
U = X r {q1, q2} = U1 ∪ · · · ∪ U6.
The points q1 and q2 are isolated singularities; they are both isomorphic to the
vertex of the cone over the anticanonical embedding of the smooth degree 6 del
Pezzo surface S6 ⊂ P6. This singularity is Gorenstein and strictly canonical and
was studied by [7, 8]; it admits two topologically distinct smoothings (see §3.2).
The singular locus of X consists of q1 and q2 and of a 1-dimensional connected
component Γ:
SingX = {q1, q2} unionsq Γ.
The curve Γ is a cycle of 6 smooth rational curves and is the underlying topological
space of the closed subscheme of U defined by the 3rd Fitting ideal of Ω1U .
We now describe the structure of X in a neighbourhood of pi ∈ Γ. The situation
is the same up to reordering of the coordinates for all i ∈ Z/6Z, so we fix i = 1. As
U1 = {x1 6= 0} ∩X, setting x1 = 1 in the equations of X gives:
(5) U1 =

y0 = x2x6
x3 = y0x2
x4 = y
2
0
x5 = y0x6.
⊂ A8
so that denoting by x = y1, y = y2, z = x2, t = x6, we find that U1 is isomorphic
to
V = SpecC[x, y, z, t]
/(
xy − z2t2) .
The hypersurface V ⊂ A4 is an affine toric 3-fold with canonical Gorenstein sin-
gularities and its singular locus Sing V has two irreducible components (x = y =
z = 0) and (x = y = t = 0). Generically on these two components V is locally
isomorphic to a product Gm × (2-dimensional ordinary double point). Explicitly
the open subscheme V ∩ {t 6= 0} is isomorphic to (Gm)t × A1 ⊂ A4x,y,z,t, where
A1 = SpecC[x, y, z]/(xy − z2).
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Since U1,2 = U1 ∩ {x2 6= 0} (resp. U1,6 = U1 ∩ {x6 6= 0}), setting x2 = 1
(resp. x6 = 1) in (5), shows that U1,2 and U1,6 are isomorphic to
{xy − t2 = 0} ⊂ (Gm)z × A3x,y,t and {xy − z2 = 0} ⊂ (Gm)t × A3x,y,z.
3.2. Local smoothings of singularities.
Smoothing of the isolated singular points. Let q ∈ Y be the vertex of the
affine cone over the anticanonical embedding of the smooth del Pezzo surface of
degree 6 in P6. Altmann [7,8] shows that the base of the miniversal deformation of
Y is:
Def Y ' Spf C[[s1, s2, s3]]/(s1s2, s1s3).
In particular, Def Y has two irreducible components: one has dimension 2, the
other has dimension 1 and both yield smoothings [48]. The Betti numbers of the
Milnor fibres of these smoothings are computed in the next Proposition.
Proposition 3.5. Let Y be the affine cone over the anticanonical embedding of
the smooth del Pezzo surface of degree 6 in P6 and let Def Y be the base of the
miniversal deformation of Y . Let Mj be the Milnor fibre of the smoothing given
by a general arc in the j-dimensional component of Def Y for j = 1, 2. The Betti
numbers of Mj are:
b2(M2) = 1, b3(M2) = 2 and bi(M2) = 0 if i = 1 or i ≥ 4;
b2(M1) = 2, b3(M1) = 1 and bi(M1) = 0 if i = 1 or i ≥ 4.
Proof. The Milnor fibre of an arbitrary holomorphic map germ from a 4-dimensional
complex analytic space to (C, 0) has the homotopy type of a finite CW complex
of dimension ≤ 3 [39], so bi(M1) = bi(M2) = 0 for all i ≥ 4. Further, b1(M1) =
b1(M2) = 0 by [26].
Let Z be the projective cone over S6 ⊂ P6. Then, Z is a toric variety by [48],
and Z contains Y as an open subscheme. The singular locus of Z consists of an
isolated singularity lying on Y (the vertex of the cone). By Proposition 2.3, the
Betti numbers of Z are b2(Z) = 1, b3(Z) = 0 and b4(Z) = 4.
By [48, Proposition 2.2], the restriction morphism Def Z → Def Y is e´tale,
hence the base of the miniversal deformation of Z is the germ at the origin of
(s1s2 = s1s3 = 0) in C3.
Let Z → ∆ be a smoothing of Z given by a general arc in the component
(s1 = 0) and let M2 be the corresponding Milnor fibre. [48, Proposition 2.2] shows
that Zt is a divisor in P2 × P2 of type (1, 1), hence b2(Zt) = b4(Zt) = 2 and
b3(Zt) = 0. By the long exact sequence (2), we have:
0→ H2(Z,Q) = Q→ H2(Zt,Q) = Q2 → H2(M2,Q)→ H3(Z,Q) = 0
H3(Zt,Q) = 0→ H3(M2,Q)→ H4(Z,Q) = Q4 → H4(Zt,Q) = Q2 → H4(M,Q) = 0
so that b2(M2) = 1 and b3(M2) = 2.
Now consider M1, the Milnor fibre associated to the smoothing Z → ∆ of
Z given by the component (s2 = s3 = 0). [48, Proposition 2.2] shows that Zt is
isomorphic to P1×P1×P1, so that b2(Zt) = b4(Zt) = 3 and b3(Zt) = 0. The same
argument as above yields b2(M1) = 2 and b3(M1) = 2. 
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Local smoothings of the 1-dimensional component of Sing V . Recall that
each Ui is isomorphic to the hypersurface V = {xy − z2t2 = 0} ⊂ A4. We obtain a
free resolution of Ω1V
(6) 0 −→ OV

−2zt2
−2z2t
y
x

−−−−−−−→ O⊕4V −→ Ω1V −→ 0.
by considering the conormal sequence of V ↪→ A4 → SpecC . Applying the functor
HomOV (·,OV ) to (6), we get:
T1V =
OV
(zt2, z2t, x, y)
=
C[x, y, z, t]
(zt2, z2t, x, y)
,
so that T1V is isomorphic to OΓ, where Γ is the scheme defined by the 3rd Fitting
ideal of Ω1V , which has an embedded point at the origin. The underlying topological
space of Γ is the singular locus of V , with ideal (x, y, zt). The C-vector space T1V
has a homogeneous basis {1, z, t} ∪ {zn | n ≥ 1} ∪ {tn | n ≥ 1}.
Since V is a hypersurface, T2V = 0 and its deformations are unobstructed. It is
easy to see that the 1-parameter deformation (xy− z2t2 +λ = 0), associated to the
section 1 of T1V , gives a smoothing of V .
Remark 3.6. We denote by the same name the schemes defined by the third
Fitting ideal of Ω1V and by the third fitting ideal of Ω
1
U . Strictly speaking, one is a
local version of the other; we trust this will not lead to any confusion.
We now see how these local smoothings combine to define a smoothing of U .
Deformations of Ui. As above, fix i = 1. From the above, T 1U1 = T
1
V is isomor-
phic to the structure sheaf of Γ|U1 and T2U1 = 0.
Since the torus TN = SpecC[M ] acts on U1, T1U1 is M -graded. For every m ∈M
let T1U1(m) denote the eigenspace with respect to the character m. We have
dimT1U1(m) =

1 if m = (1, 0, 0) or m = (2, 0, 0),
1 if m = (2, k, 0) with k ∈ Z, k ≥ 1,
1 if m = (2− k,−k, 0) with k ∈ Z, k ≥ 1,
0 otherwise.
Some of these degrees are depicted on the left in Figure 2. We have shown:
Lemma 3.7. For every i ∈ Z/6Z, Ui ' V , where V is defined in §3.2, T2Ui = 0,
and
dimT1Ui(m) =

1 if m = xi or m = 2xi,
1 if m = 2xi + k(xi+1 − xi) with k ∈ Z, k ≥ 1,
1 if m = 2xi + k(xi−1 − xi) with k ∈ Z, k ≥ 1,
0 otherwise.
Here xi are the lattice points of M defined in (4).
Some of the degrees of T1U2 are depicted in the middle of Figure 2.
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Figure 2. Some of the degrees where T1U1 (left), T
1
U2
(centre) and
T1U1,2 (right) are non-zero
Deformations of Ui,i+1. We have seen that U1,2 ' Gm × A1, where A1 =
SpecC[x, y, t]/(xy − t2). The homogeneous summands of T1U1,2 are as follows:
dimT1U1(m) =
{
1 if m = (2, k, 0) with k ∈ Z,
0 otherwise.
Some of these degrees are depicted on the right in Figure 2. As above, the situation
is the same for all i ∈ Z/6Z, so that:
Lemma 3.8. For every i ∈ Z/6Z, T2Ui,i+1 = 0 and
dimT1Ui(m) =
{
1 if m = 2xi + k(xi+1 − xi) with k ∈ Z,
0 otherwise.
Here xi are the lattice points of M defined in (4).
Deformations of U .
Lemma 3.9. H0(U,T 1U ) = C18 and H1(U,T 1U ) = 0.
Proof. If j /∈ {i, i± 1}, then Ui ∩ Uj is smooth, so the restriction of T 1U to Ui ∩ Uj
is zero. It follows that the Cˇech complex of the coherent sheaf T 1U with respect to
the affine cover {Ui | i ∈ Z/6Z} is concentrated in degrees 0 and 1:⊕
i∈Z/6Z
T1Ui
d−→
⊕
i∈Z/6Z
T1Ui,i+1 .
As this is a homomorphism of M -graded vector spaces, we analyse the homogeneous
components of this complex for every degree m ∈M .
• If m = xi is a vertex of the hexagon, the complex is C→ 0.
• If m = 2xi, the complex is
C3
−1 1 0
0 −1 1

−−−−−−−−−−−→ C2.
• If m = xi + xi+1, the complex is
C2
(−1 1)
−−−−−−−→ C1.
• If m = (2− k)xi + kxi+1 with k ∈ Z and |k| ≥ 3, the complex is
C ±1−→ C.
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Figure 3. The 18 degrees in which H0(U,T 1U ) 6= 0
• In all the other cases, the complex is 0→ 0.
From H0(U,T 1U ) = ker d we deduce
dim H0(U,T 1U )(m) =

1 if m = xi for some i ∈ Z/6Z,
1 if m = 2xi for some i ∈ Z/6Z,
1 if m = xi + xi+1 for some i ∈ Z/6Z,
0 otherwise.
The 18 degrees of M in which H0(U,T 1U ) 6= 0 are depicted in Figure 3. Since the
differential d is surjective, we have H1(U,T 1U ) = coker d = 0. 
Remark 3.10. We have seen that T 1U is a line bundle on the non-reduced scheme
Γ. One can show that
T 1U = OΓ(2)
where OX(1) = ω∨X defines the embedding in P8. For i ∈ Z/6Z let Γi,i+1 be the
irreducible component of Γ given by the closure of Γ ∩ Ui,i+1. Let Γred denote the
reduced structure of Γ. Tensoring the two short exact sequences
0 −→
⊕
i∈Z/6Z
κ(pi) −→ OΓ −→ OΓred −→ 0
and
0 −→ OΓred −→
⊕
i∈Z/6Z
OΓi,i+1 −→
⊕
i∈Z/6Z
κ(pi) −→ 0
with OX(2), one computes the dimensions of H0(U,T 1U ) and of H1(U,T 1U ). This
gives another proof of Lemma 3.9.
3.3. Smoothings of X — proof of Theorem 3.1(iii, iv). Recall that SingX
has 3 connected components: the points (q1 ∈ Y1) and (q2 ∈ Y2) and the reducible
curve Γ ⊂ U . Since U is lci, T 2U = 0. We have
T 1X = T
1
U ⊕ T1Y1 ⊕ T1Y2 ,
T 2X = T2Y1 ⊕ T2Y2 .
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Lemma 3.9 shows that
H0(X,T 1X) = C18 ⊕ T1Y1 ⊕ T1Y2 ,
H1(X,T 1X) = 0.
Moreover
H0(X,T 2X) = T2Y1 ⊕ T2Y2 .
As X is a toric Fano variety, H1(X,T 0X) = 0 and H
2(X,T 0X) = 0 (see [56, Proof of
Theorem 5.1] and [47, Lemma 4.4]). From the spectral sequence
Ep,q2 = H
p(X,T qX) =⇒ Tp+qX
we deduce
T1X = H0(X,T 1X) = C18 ⊕ T1Y1 ⊕ T1Y2 ,
T2X = H0(X,T 2X) = T2Y1 ⊕ T2Y2 ,
and hence the product of the restriction morphisms
Def X −→ Def Y1 ×Def Y2
is smooth of relative dimension 18. The discussion of §3.2 concludes the proof of
Theorem 3.1(iii).
Now we determine the general fibres of the smoothings of X.
Lemma 3.11. Each irreducible component of the base space of miniversal defor-
mations of X yields a smoothing of X.
Proof. The six degrees 2xi ∈ M , for i ∈ Z/6Z, of H0(U,T 1U ) can be combined
to give a deformation of X over a smooth 6-dimensional germ because they are
unobstructed. As noted in §3.2 this defines a smoothing of U . Combining this
deformation of X, which smoothes U , with the smoothings of the two isolated
singularities (qj ∈ Yj), j = 1, 2, finishes the proof. 
In this section, we use topological properties of deformations to determine which
Fano 3-folds appear as general fibres in the three distinct smoothings above. Let
f : X → ∆ be a smoothing of X; then for any t ∈ ∆, Xt is a smooth Fano 3-fold
of anticanonical degree (−KX)3 = 12. By the classification of smooth Fano 3-folds
[28, 29, 40, 42], there are precisely 5 deformation families of smooth Fano 3-folds
with anticanonical degree 12:
• V12 ⊂ P8, the prime Fano 3-fold of genus 7, with χ = −10,
• MM2−5, the blowup of V3 ⊂ P4 along a plane cubic lying on it, with χ = −6,
• MM2−6, either a (2, 2)-divisor on P2×P2, or a double cover of a (1, 1)-divisor
on P2 × P2 branched along an anticanonical section, with χ = −12,
• MM3−1, a double cover of P1 × P1 × P1 branched along an anticanonical
section, χ = −8.
• P1 × S2, where S2 is a smooth del Pezzo surface of degree 2.
Remark 3.12. The anticanonical line bundle of P1×S2 is not very ample, and as
very ampleness is an open condition, P1 × S2 cannot arise as a general fibre of a
smoothing of X; we will discuss this case no further.
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By (3), the Euler characteristics of X and Xt are related by:
χ(Xt) = χ(X) + χ(H•(X,ϕfQX )),
where ϕfQX is the sheaf of vanishing cycles of f introduced in §2.3. Using Propo-
sition 2.3, we compute the Betti numbers of X; these are b1(X) = b5(X) = 0,
b2(X) = 1, b3(X) = 4, b4(X) = 9, so that χ(X) = 8.
We now gather some information on χ(H•(X,ϕfQX )). The complex ϕfQ
•
X
is
constructible, by [38, Appendix B.4]. The sheaf of vanishing cycles is supported on
the singular locus of X, so that by Mayer–Vietoris:
χ(H•(X, (ϕfQ)•)) = χ(H•(X, (ϕfQ)•|Y1))+χ(H
•(X, (ϕfQ)•|Y2))+χ(H
•(X, (ϕfQ)•|U )).
By the results of §2.3 we have the following equality of Euler characteristics
χ(H•(X, (ϕfQ)•|Yi)) = χ˜(FYi),
where H˜ denotes the reduced Euler characteristic and FYi denotes the Milnor fibre
of the induced smoothing of the singular point Yi. Recall that each Yi has two
possible smoothings, the Milnor fibres of which are denoted M1 and M2, and by
Proposition 3.5,
χ˜(FYi) = ±1.
It follows that for a smoothing f : X → ∆, we have
χ(X) = χ(Xt) + χ(H•(X, (ϕfQ)•|U )) +

2
0
−2
.
There are 3 distinct smoothings. Let A (resp. B, resp. C) be a general fibre of
the smoothing over the 22 (resp. 21, resp. 20)-dimensional component of Def X.
Then A,B,C are smooth Fano 3-folds of degree 12 with very ample anticanonical
line bundle, so their Euler characteristics belong to {−6,−8,−10,−12}. Consider
a general arc in the 22-dimensional component of Def X, i.e. the smoothing from
X to A. In this smoothing the Milnor fibre of the singularity (qj ∈ Yj), for each
j = 1, 2, is M2. We thus have that:
χ(A) = 8− 2 + χ(H•(X, (ϕfQ)•|U )) = 6 + χ(H•(X, (ϕfQ)•|U ))
and similarly, on each of the 21-dimensional components, the Milnor fibre of one of
(qj ∈ Yj) is M2 and that of the other is M1. We thus get that
χ(B) = 8 + χ(H•(X, (ϕfQ)•|U )) = χ(A) + 2.
Similarly, on the 20-dimensional components, the Milnor fibre of both (qj ∈ Yj) is
M1 and χ(C) = χ(A) + 4. The Euler characteristics of A,B and C are thus either
−6,−8 and −10 or −8,−10,−12. In the first case, χ(H•(X, (ϕfQ)•|U )) = −16,
while in the second χ(H•(X, (ϕfQ)•|U )) = −18.
By [24, Theorem 4.1.22], if S is a Whitney regular stratification such that ϕfQ•|U
is an S-constructible bounded complex on X, and xS ∈ S is an arbitrary point of
the stratum S ∈ S, then
χ(H•(X, (ϕfQ)•|U )) =
∑
S∈S
χ(S) · χ(H•(ϕfQ•|U )xS ).
The complex ϕfQ•|U is supported on the curve Γ, and by the description in §3.1,
the local description is the same on each component of Γ. We may assume (up to
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taking a refinement of S) that S induces a stratification of each component of Γ
and that the induced stratifications on the components of Γ are isomorphic to each
other. It follows that the number of components of Γ– i.e. 6– necessarily divides the
Euler characteristic χ(H•(X, (ϕfQ)•|U )), which thus has to be −18. It follows that
A is in the family MM2−6, B is a prime Fano V12 and C is in the family MM3−1.
3.4. Local description of the K-moduli space and stack.
The automorphism group of X. Let Aut(P ) be the subgroup of GL(N) =
GL3(Z) that preserves the polytope P . It is clear from the symmetries of P , that
Aut(P ) is generated by the involution1 0 00 1 0
0 0 −1
 ,
which swaps the top facet of P and the bottom facet of P , and and by the dihedral
group of the hexagon, itself generated by 1 1 0−1 0 0
0 0 1
 and
0 1 01 0 0
0 0 1
 .
Therefore, Aut(P ) is a finite group of order 24 isomorphic to D6 o C2, where D6
denotes the dihedral group of order 12 and C2 the cyclic group of order 2. Since no
facet of Q has interior lattice points, by Proposition 2.6, Aut(X) is the semidirect
product of TN = N ⊗Z C∗ ' (C∗)3 with Aut(P ).
Local reducibility of K-moduli. Here we examine the local structure of the
algebraic stack MKss3,12 and of the algebraic space MKps3,12 at the closed point corre-
sponding to X. Denote by G the group Aut(X) and let
A = C[[t1, . . . , t24]]/(t1t2, t1t3, t4t5, t4t6)
be the miniversal deformation base space of X. The group G acts on A and the
invariant subring AG is the completion of MKps3,12 at the closed point corresponding
to X. Recall that G ' (TN ) o Aut(P ) ' (C∗)3 o (D6 o C2), we understand the
action of G on A by looking at the action of the factors in this semidirect product
decomposition. More precisely:
• TN = (C∗)3 acts diagonally with weights given by the characters of the
TN -representation T1X . More precisely: t1, t2, t3 have degree (0, 0, 1) ∈ M ,
t4, t5, t6 have degree (0, 0,−1) ∈ M , and the degrees of t7, . . . , t24 are the
18 elements in M depicted in Figure 3.
• D6 fixes t1, . . . , t6 and permutes t7, . . . , t24, and
• C2 fixes t7, . . . , t24 and swaps t1 and t4, t2 and t5, and t3 and t6.
Since the G-action on A is linear in t1, . . . , t24 we can work with the C-algebra
B = C[t1, . . . , t24]/(t1t2, t1t3, t4t5, t4t6)
together with the G-action, rather than having to consider power series. The com-
pletion of B at the origin is A and that of BG at the origin will be AG.
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Consider the C-algebras
R = C[t1, . . . , t6]/(t1t2, t1t3, t4t5, t4t6), and
S = C[t7, . . . , t24].
Consider the subtori C∗ and (C∗)2 of TN with cocharacter lattices {(0, 0)}×Z ⊆ N
and Z2 × {0} ⊆ N , respectively, then:
B = R⊗C S
and the actions of (C∗) and of C2 are non-trivial only on R, while the actions of
(C∗)2 and of D6 are non-trivial only on S. Therefore we have:
BG = (RC
∗
)C2 ⊗C (S(C∗)2)D6 .
Let us analyse the two rings of invariants (RC
∗
)C2 and (S(C
∗)2)D6 .
The ring S(C
∗)2 defines a toric affine variety of dimension 16. Taking the finite
quotient under the action of D6, shows that (S
(C∗)2)D6 is a normal domain of
dimension 16.
Let us consider the action of C∗ on the polynomial ring C[t1, . . . , t6]: the invariant
subring C[t1, . . . , t6]C
∗
is generated by
y0 = t1t4 y3 = t2t4 y6 = t3t4
y1 = t1t5 y4 = t2t5 y7 = t3t5
y2 = t1t6 y5 = t2t6 y8 = t3t6
as a C-algebra. Therefore C[t1, . . . , t6]C
∗
is the quotient of C[y0, . . . , y8] with respect
to the ideal generated by the 2× 2-minors of the 3× 3-matrix containing y0, . . . , y8
as above. In other words, C[t1, . . . , t6]C
∗
is the homogeneous coordinate ring of the
Segre embedding P2×P2 ↪→ P8. Since C∗ is reductive, the surjection C[t1, . . . , t6] 
R induces a surjection C[t1, . . . , t6]C
∗  RC∗ . Consequently we have a surjection
C[y0, . . . , y8]  RC
∗
; its kernel is the ideal generated by
y0y1, y0y2, y0y3, y0y4, y0y5, y0y6, y0y7, y0y8,
y1y3, y1y4, y1y5, y1y6, y1y7, y1y8,
y2y3, y2y4, y2y5, y2y6, y2y7, y2y8,
y3y4, y3y5, y3y7, y3y8, y4y6,
y4y8 − y5y7, y5y6, y6y7, y6y8.
The action of C2 on C[y0, . . . , y8] is as follows: y0, y4, y8 are kept fixed, y1 is
swapped with y3, y2 is swapped with y6, and y5 is swapped with y7. Therefore the
invariant subring C[y0, . . . , y8]C2 is the polynomial ring C[z1, . . . , z9] where
z1 = y0 z2 = y4 z3 = y8,
z4 = y1 + y3 z5 = y1y3,
z6 = y2 + y6 z7 = y2y6,
z8 = y5 + y7 z9 = y5y7.
Since C2 is a finite group, the surjection C[y0, . . . , y8]  RC
∗
induces a surjection
C[z1, . . . , z9]  (RC
∗
)C2 ; one checks that the kernel of this surjection is the ideal
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Figure 4. The polytope P in §4.1
generated by
z5, z7, z1z2, z1z3, z1z4, z1z6, z1z8, z1z9,
z2z4, z2z6, z3z4, z3z6, z4z8, z4z9, z6z8, z6z9,
z2z3 − z9.
One checks that this ideal is the intersection of the following 3 prime ideals
(z1, z2z3 − z9, z4, z5, z6, z7),
(z1, z2, z3, z5, z7, z8, z9),
(z2, z3, z4, z5, z6, z7, z8, z9).
This implies that Spec(RC
∗
)C2 is reduced and has 3 irreducible components, which
are all smooth and have dimensions 3, 2, and 1.
Therefore SpecAG is reduced and has 3 irreducible components, all of which are
normal and have dimensions 19, 18, and 17. We have proved:
Theorem 3.13. Let X be the Fano 3-fold in Theorem 3.1. The K-moduli stack
MKss3,12 is reduced at [X] and its completion at [X] has 4 irreducible components. The
K-moduli space MKps3,12 is reduced at [X] and its completion at [X] has 3 irreducible
components.
4. Non-reduced K-moduli and other pathologies
4.1. Non-reduced K-moduli. In this section, we prove Theorem 1.2. Let P be
the convex hull of the following points in N = Z3 (see Figure 4):
a0 =
10
1
 , d0 =
11
1
 , c1 =
01
1
 , b1 =
−1−1
1

a1 =
−10
−1
 , d1 =
−1−1
−1
 , c0 =
 0−1
−1
 , b0 =
 11
−1
 .
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The toric variety X associated to the face fan of P is a Fano 3-fold with canonical
singularities. Since P is centrally symmetric, its polar P ◦ is also centrally symmetric
and hence X is K-polystable by Theorem 2.4. The anticanonical degree of X is the
normalised volume of P ◦, so that (−KX)3 = 443 .
The singular locus of X has 8 irreducible connected components; these are:
(1) For i ∈ {0, 1} the facet conv {ai, di, c1−i, b1−i} gives a Gorenstein isolated
singularity isomorphic to the affine cone over the anticanonical embedding
of F1 into P8, where F1 = P(OP1⊕OP1(1)) is the 1st Hirzebruch surface. By
[8, 9.1.iv] the hull of the deformation functor of this singularity is C[t]/(t2).
(2) The 4 facets conv {ai, bi, ci} and conv {ai, ci, b1−i}, for i ∈ {0, 1}, give the
non-Gorenstein isolated singularity 13 (1, 1, 2), whose canonical cover is A
3.
Therefore these singularities do not contribute to TqG,1X and T
qG,2
X .
(3) For i ∈ {0, 1} the closure of the torus orbit corresponding to the edge
conv {bi, di} is a curve Ci ' P1 along which X has transverse A1 singulari-
ties. By [49], in a neighbourhood of Ci the sheaf T 1X coincides with T
qG,1
X
and with OCi(−2). Therefore this sheaf has trivial H0 and 1-dimensional
H1.
Let U0 and U1 be affine neighbourhoods of the isolated Gorenstein singularities
of X; then:
TqG,1X = T
1
U0 ⊕ T1U1 = C2,
TqG,2X = T
2
U0 ⊕ T2U1 ⊕H1(C0,OC0(−2))⊕H1(C1,OC1(−2)) = C4.
The degrees in M of TqG,1X are (0, 0, 1) and (0, 0,−1). The degrees in M of TqG,2X are
(0, 0, 2), (0, 0,−2), (1, 1, 0), (−1,−1, 0). This implies that the base of the miniversal
Q-Gorenstein deformation of X is
A = C[t0, t1]/(t20, t21)
where t0 (resp. t1) has degree (0, 0, 1) (resp. (0, 0,−1)) in M .
The automorphism group Aut(P ) of P is generated by the reflection about the
origin −idN and by the reflection across the plane containing b0, b1, d0, d1. The
group Aut(P ) is isomorphic to C2 × C2. Since no facet of P ◦ has interior lattice
points, by Proposition 2.6 G = Aut(X) is the semidirect product of the torus TN
with Aut(P ).
Let us now determine the subring of invariants AG ⊆ A. The action of the torus
TN = (C∗)3 on A is described as follows: the degree of t0 (resp. t1) is the character
(0, 0, 1) (resp. (0, 0,−1)) in M . Therefore A(C∗)3 = C[t]/(t2), where t = t0t1. The
group Aut(P ) = C2 × C2 acts trivially on A(C∗)3 , hence
AG = C[t]/(t2).
The spectrum of this 0-dimensional ring is the connected component of MKps3,44/3
containing the point corresponding to X. This proves Theorem 1.2.
4.2. K-moduli of products.
Proposition 4.1. Let X and Y be log terminal Fano varieties. If Y is Gorenstein,
then the natural map
(7) DefqGX ×Def Y −→ DefqGX × Y
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is formally e´tale.
Proof. Let ε : X→ X be the canonical cover stack. Then the product map ε× idY
is the canonical cover stack of X × Y . Let p : X × Y → X and q : X × Y → Y be
the projections.
By Kawamata–Viehweg vanishing, Hi(OY ) = 0 for every i > 0. This implies
that Rp∗OX×Y = OX. For every i ≥ 0 we have
ExtiX×Y (p
∗LX,OX×Y ) = ExtiX(LX,Rp∗OX×Y )
= ExtiX(LX,OX)
= TqG,iX .
Since ε is cohomologically affine and ε∗OX = OX , by Kawamata–Viehweg van-
ishing, we have H0(OX) = C and Hi(OX) = 0 for every i > 0. This implies that
Rq∗OX×Y = OY . For every i ≥ 0 we have
ExtiX×Y (q
∗LY ,OX×Y ) = ExtiY (LY ,Rq∗OX×Y )
= ExtiY (LY ,OY )
= TiY .
The decomposition of the cotangent complex
LX×Y = p∗LX ⊕ q∗LY
implies
TqG,iX×Y = Ext
i
X×Y (LX×Y ,OX×Y )
= ExtiX×Y (p
∗LX,OX×Y )⊕ ExtiX×Y (q∗LY ,OX×Y )
= TqG,iX ⊕ TiY
for every i ≥ 0. Therefore, the map (7) induces a bijection on tangent spaces and
an injection on obstruction spaces. 
This result shows that we can generalise examples of pathological K-moduli
spaces to higher dimension. For example, an immediate corollary of Theorem 3.1 is
obtained by considering the products X ×Pn−3, where X denotes the Fano variety
in that Theorem. We obtain:
Theorem 4.2. Let X be the K-polystable toric Fano 3-fold X considered in Theo-
rem 3.1. If n ≥ 4, V = 2n(n− 1)(n− 2)n−2 , then MKssn,V and MKpsn,V are not smooth
at the point corresponding to X × Pn−3.
Proof. Set X ′ = X × Pn−3, which is a K-polystable toric Fano n-fold with anti-
canonical degree
V =
(
n
3
)
× 12× (n− 2)n−3.
Let A be the base of the miniversal deformation ofX and letG be the automorphism
group of X. By Proposition 4.1 the base of the miniversal deformation of X ′ is
A. One can check that the automorphism group of X ′ is G × Aut(Pn−3). This
implies that the local structure ofMKssn,V is [SpecA / G]×B PGLn−2 and the local
structure of MKpsn,V is SpecA
G. 
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Remark 4.3. Similar conclusions can be reached when considering products X×Z
for any smooth K-polystable Fano Z.
Remark 4.4. The product of the toric Fano variety of Theorem 3.1 with the toric
Fano variety of §4.1 has dimension 6 and anticanonical degree(
6
3
)
× 12× 44
3
= 3520.
Using Proposition 4.1, one can show that there is a point of MKss6,3520, at which the
completion is non-reduced and reducible.
5. K-stability results from explicit smoothings of toric Fano 3-folds
5.1. K-semistability of MM4−3. Let P be the lattice polytope in N = Z3 with
vertices:
±
10
0
, ±
01
0
, ±
00
1
, ±
11
0
, ±
10
1
.
Then P has exactly 12 facets: 4 of them are standard squares (i.e. quadrilaterals
affine-equivalent to the convex hull of 0, e1, e2, e1 + e2 in Z2) and 8 of them are
standard triangles (i.e. triangles affine-equivalent to the convex hull of 0, e1, e2 in
Z2). One can see that P is a reflexive polytope.
Let X be the Gorenstein toric Fano 3-fold associated to the face fan of P . Since
P is centrally symmetric, P ◦ also is centrally symmetric and the barycentre of P ◦
is zero so that X is K-polystable by Theorem 2.4.
From the description of the facets of P , we conclude that SingX consists of 4
ordinary double points. Therefore, X is unobstructed and smoothable by [43]. We
now prove that X deforms to a member of the family MM4−3. This will imply that
the general member of MM4−3 is K-semistable by Theorem 2.1.
As the normalised volume of P ◦ is 28, (−KX)3 = 28. By Proposition 2.3,
b2(X) = 4. Since X has ordinary double points, each Milnor fibre M associated
to the local smoothing of a singular point of X induced by a smoothing of X is
homotopy equivalent to S3, so b1(M) = b2(M) = 0. Via the long exact sequence
(2), this implies that the second Betti number is constant in the family. In other
words, the Picard rank of the general fibre of the smoothing of X is 4. By inspection
of the list of smooth Fano 3-folds, one sees that MM4−3 is the only family of smooth
Fano 3-folds with Picard rank 4 and anticanonical degree 28. This implies that X
deforms to MM4−3.
5.2. K-semistability of MM2−10. In this section, we construct a K-polystable
Gorenstein toric Fano variety and show that it has a deformation to MM2−10.
Let P be the convex hull of the following points in the lattice N = Z3:00
1
 ,
10
1
 ,
11
1
 ,
01
1
 ,±
11
0
 ,±
 1−1
0
 ,
 00
−1
 ,
−10
−1
 ,
−1−1
−1
 ,
 0−1
−1
 .
These 12 points are exactly the vertices of P . The polytope P has 20 edges and
10 facets, which are all quadrilateral. One can see that P is a bifrustum, i.e. the
union of two frusta joined at their common bases. The polytope P is depicted in
Figure 5.
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Figure 5. The polytope P considered in §5.2
The toric variety X associated to the face fan of P is Fano with Gorenstein
canonical hypersurface singularities.
We want to prove that X admits a closed embedding into a smooth toric variety
as a complete intersection. We follow the Laurent inversion method developed by
Coates–Kasprzyk–Prince [19,50,52]. Consider the decomposition
N = N ⊕NU
where N = Ze1 ⊕ Ze2 and NU = Ze3. Let M be the dual lattice of N . Let Z
be the TM -toric variety associated to the complete fan in the lattice M with rays
generated by e∗1, e
∗
2,−e∗1,−e∗2 ∈ M . It is clear that Z is isomorphic to P1 × P1.
Let DivTM (Z) be the rank-4 lattice made up of the torus invariant divisors on Z:
a basis of DivTM (Z) is given by E1, E2, E3, E4, the torus invariant prime divisors
on Z associated to the rays generated by e∗1, e
∗
2,−e∗1,−e∗2 respectively. The divisor
sequence [22, Theorem 4.1.3]
0 −→ N ρ
?
−→ DivTM (Z) −→ Pic(Z) −→ 0
of Z becomes
0 −→ N = Ze1 ⊕ Ze2

1 0
0 1
−1 0
0 −1

−−−−−−−−−→ Z4
1 0 1 0
0 1 0 1

−−−−−−−−−−−→ Z2 −→ 0.
We consider the following ample torus invariant divisors on Z
D0 = E3 + E4 ∈ DivTM (Z),
D1 = E1 + E2 ∈ DivTM (Z),
Dx = E1 + E2 + E3 + E4 ∈ DivTM (Z)
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and their corresponding moment polytopes in N
PD0 = conv {0, e1, e2, e1 + e2} ,
PD1 = conv {0,−e1,−e2,−e1 − e2} ,
PDx = conv {e1 + e2, e1 − e2,−e1 + e2,−e1 − e2} .
Now consider the following elements of the lattice NU = Ze3:
χ0 = e3, χ1 = −e3, χx = 0.
The polytopes PD0 + χ0, PD1 + χ1, PDx + χx in N = N ⊕NU are depicted in red
in Figure 5. Clearly the polytope P is the convex hull of these three polytopes. By
[19, Definition 3.1] the set
S = {(D0, χ0), (D1, χ1), (Dx, χx)}
is a scaffolding on the Fano polytope P .
Set N˜ := DivTM (Z)⊕NU . Let M˜ be the dual lattice of N˜ . Let 〈·, ·〉 : M˜×N˜ → Z
be the duality pairing. Following [19, Definition A.1] we consider the polytope
QS ⊆ M˜R defined by the following inequalities:
〈 · ,−D0 + χ0〉 ≥ −1,
〈 · ,−D1 + χ1〉 ≥ −1,
〈 · ,−Dx + χx〉 ≥ −1,
〈 · , E1〉 ≥ 0,
〈 · , E2〉 ≥ 0,
〈 · , E3〉 ≥ 0,
〈 · , E4〉 ≥ 0.
Let ΣS be the normal fan of QS , then ΣS is a smooth complete fan in N˜ =
DivTM (Z)⊕NU and its rays are generated by the vectors
s0 = −D0 + χ0 = −E3 − E4 + e3,
s1 = −D1 + χ1 = −E1 − E2 − e3,
x = −Dx + χx = −E1 − E2 − E3 − E4,
x2 = E1,
x3 = E2,
x4 = E3,
x5 = E4.
Let YS be the TN˜ -toric variety associated to the fan ΣS . Thus YS is a smooth
5-fold with Cox coordinates s0, s1, x, x2, x3, x4, x5. In the basis of N˜ given by E1,
E2, E3, E4, e3, the ray map Z7 → N˜ is given by the matrix
0 −1 −1 1 0 0 0
0 −1 −1 0 1 0 0
−1 0 −1 0 0 1 0
−1 0 −1 0 0 0 1
1 −1 0 0 0 0 0
 .
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After computing the kernel of this matrix, one finds that the divisor map Z7 →
Pic(YS) ' Z2 is given by the following matrix.
s0 s1 x x2 x3 x4 x5
1 1 −1 0 0 0 0 L1
0 0 1 1 1 1 1 L2
This matrix gives also the weights of an action of G2m on A7: YS is the GIT quotient
of this action with respect to the stability condition given by the irrelevant ideal
(s0, s1) · (x, x2, x3, x4, x5). Here L1 and L2 denote the elements of the chosen basis
of Pic(YS).
The morphism YS → P1 given by [s0 : s1 : x : x2 : x3 : x4 : x5] 7→ [s0 : s1]
shows that YS is isomorphic to P(OP1(−1)⊕O⊕4P1 ). The morphism YS → P5 given
by [s0 : s1 : x : x2 : x3 : x4 : x5] 7→ [s0x : s1x : x2 : x3 : x4 : x5] shows that YS is
isomorphic to the blowup of P5 with centre the 3-plane (x0 = x1 = 0).
We now consider the injective linear map
θ := ρ? ⊕ idNU : N = N ⊕NU −→ N˜ = DivTM (Z)⊕NU .
By [19, Theorem 5.5] θ induces a toric morphism X → YS which is a closed embed-
ding. We want to understand the ideal of this closed embedding in the Cox ring of
YS using the map θ.
We follow [50, Remark 2.6]. We see that θ(N) = (h1)
⊥ ∩ (h2)⊥, where (h1)⊥
(resp. (h2)
⊥) is the hyperplane in N˜R defined by the vanishing of h1 = E∗1 +E
∗
3 ∈ M˜
(resp. h2 = E
∗
2 + E
∗
4 ∈ M˜). From 〈h1,−D0 + χ0〉 = 〈h1,−D1 + χ1〉 = −1,
〈h1,−Dx + χx〉 = −2, 〈h1, E1〉 = 〈h1, E3〉 = 1, 〈h1, E2〉 = 〈h1, E4〉 = 0, we obtain
that the polynomial x2x4 − s0s1x2 lies in the homogeneous ideal of X ↪→ YS . In
an analogous way, from h2 we obtain that the polynomial x3x5 − s0s1x2 lies in the
homogeneous ideal of X ↪→ YS . One can see that these two polynomials generate
this ideal.
Therefore we have shown that X is a complete intersection in YS : more specif-
ically X is the intersection of two particular divisors in the linear system |L⊗22 |.
This implies that X deforms to the intersection of two general divisors in |L⊗22 |,
that is to a member of the family MM2−10.
We collect the results of this section in the next Theorem:
Theorem 5.1. There exist K-polystable toric Fano 3-folds with smoothings to
members of the deformation familes MM4−3 and MM2−10. By openness of K-
semistability, the general member of these deformation families is K-semistable.
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